This paper is devoted principally to a statistical analysis of the speed of the fluctuations in the gravitational field acting at some fixed point in a system containing a random distribution of mass centers (stars) in motion. The solution to the problem depends on the evaluation of the moment |/|
The entire dependence of r on ß has also been tabulated and graphically illustrated. Certain other related statistical problems have also been considered. Thus, expressions for/^ and/i. have been derived where/n and/j_ are the rates of change of F parallel to and perpendicular to the direction of F, respectively. Further, the probability distribution of / has been considered and the root mean square value of F to be expected for an assigned value of the rate of change / evaluated. Finally, the problem of the accelerations in F to be expected has also been briefly examined.
1. Introduction.-A general analysis of the statistical aspects of the fluctuating gravitational field arising from a random distribution of mass centers may be expected to provide the necessary basis for several problems of stellar dynamics. Thus the notion of the time of relaxation of a stellar system is intimately connected with the influence of such fluctuations in the gravitational field on the motions of stars. Also it appears that the dynamical problems presented by star clusters 1 can be treated satisfactorfly only in terms of such an analysis. The common characteristic of all these problems is that individual stars are subject to the changing influence of a varying local stellar distribution.
1 And presumably also clusters of nebulae.
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© American Astronomical Society Provided by the NASA Astrophysics Data System 490 S. CHANDRASEKHAR AND J. von NEUMANN Consequently, it is apparent that the most suitable method for analyzing such situations is a statistical one. More specifically, we may formulate the fundamental problem in the following terms.
The force F acting on a star, per unit mass, is given by M F= - GZ-F^r* (i) where Mi denotes the mass of a typical field star and its position vector relative to the star under consideration. Further, the summation in equation (1) is extended over all the neighboring stars. The actual value of F at any particular instant will depend on the instantaneous positions of all the other stars and is, in consequence, subject to fluctuations. It would not therefore be feasible to predict the exact dependence of F on the position and/or the time for any individual case. But the same circumstances would permit us to inquire into the statistical aspects of F. Thus one of the questions we can ask is the probability of occurrence, W (F) dF x dF y dF z = W (F) dF ,
of F in the range F and F + dF. In evaluating this probability we can (consistent with the physical situations we have in view) suppose that fluctuations subject only to the restriction of a constant average density occur. This problem is clearly equivalent to finding the probability of a given electric field strength at a point in a gas composed of simple ions. This latter problem has been considered by Holtsmark; 2 and Holtsmark's results can be readily adapted to the gravitational case.
3 However, the specification of the Holtsmark distribution W{F) does not characterize all the essential features of the fluctuating field. An equally important aspect of the problem is the speed of the fluctuations (Schwankungsgeschwindigkeii)* and the related questions concerning the probability after-effects (flVahrscheinlichkeitsnachwirkung) F These latter problems are essentially more difficult than the establishment of the stationary distribution. For, according to equation (1), where Vi denotes the velocity of the typical field star. It is now clear that the speed of the fluctuations can be specified in terms of the distribution W{F,f)
which gives the simultaneous probability of a given field strength F and an associated rate of change/. It is seen that this bivariate distribution of F and/ will depend on the assignment of a priori probability in the phase space in contrast to the distribution of F, which depends only on a similar assignment in the configuration space. In this paper we shall derive a general formula for W(F, f) and obtain explicit expressions for the moments l/l 2 f and \F\) (
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for prescribed values of F and /, respectively. These moments have, as we shall see, important applications to problems involving the speed of the fluctuations in the gravitational field. In a later paper we shall study the nature of the correlations in the field at two different points. 2. The general formula for V^{F^f).-We require the stationary distribution of F and its simultaneous rate of change / at any given point. Without loss of generality we can suppose that the point under consideration is at the origin O of our system of co-ordinates. About 0 describe a sphere of radius R and containing N stars. In the first instance we shall suppose that but we shall later let R and N tend to infinity simultaneously in such a way that
Considering first the distribution w(F,f) at the center of the finite sphere of radius R and containing N stars distributed in a random fashion, we seek the probability that
where F and / are defined according to equations (6) and (7). Now the vectors Fi and /¿ depend on the position vector r* and the velocity Vi of the fth star. Accordingly, F and / together depend on the 6iV variables included in (ri, Vi) r 2 , v 2 ; . . . . ; r», v { ;. . . . ;r N , v N ). Let Ti(r iy Vi) dfidVi (10) denote the probability that the position and the velocity of the i\h star are found in the ranges (ji y Ti + dri) and (u¿, -j-dVi) . The probability of a definite configuration of the N stars in the phase space is therefore N n r¿ fo, t>i) = Tdfi(say) .
i=l
It is clear that the specification of the co-ordinates and the velocities of the N stars uniquely determines the values of F and /. Consequently the inequalities (9) will be satisfied only in a definite part of the phase space. Accordingly, w{F,Jo)dF 0 df ü^-~f r UÜ,
where the integration is to be extended only over that part of the phase space in which the inequalities (9) are satisfied. Now, following a procedure due to A. A. Markoff, 5 we introduce under the integral sign in equation (12) (9) is satisfied and the value zero whenever it is not. It is readily found that the required Dirichlet factor is -j-oo
are two auxiliary vectors. Introducing the foregoing factor under the integral sign in equation (12), we find
where we have written in other words, we assume that all positions are equally likely for a star and that the distribution of the velocities is Maxwellian. We should, however, remark at this point that all the subsequent work will remain valid for any spherical distribution of the velocities. We shall indicate at a later stage ( §12) the modifications necessary to go from a Maxwellian distribution to a general spherical distribution. Similarly, we shall suppose in the first instance that all the stars have the same mass and later show how the results can be generalized for a distribution over different masses ( § 13 
Finally, it is to be noted that, since the integral over r is restricted by the condition |rj < R, we should now require that
Thus, in these new variables the expression for A(f, v) becomes
or, substituting for r according to equations (21) and (27) where we have denoted the angle between the vectors <(> and 0*1 by ß:
We readily verify that 
• (40) Without altering its value, we can clearly replace <j> by -c() in the foregoing expression. But this replacement changes e ipm<p into eip '*
under the integral sign ; taking the arithmetic mean of the two resulting integrands, we obtain
. (42) Now the integral over <| > which occurs in equation (40) is seen to be absolutely convergent, even when extended over all c|>, i.e., also for e -> 0. Hence we can write 3/2 limit r. 4. Alternative forms for C(p, (Ti).-A more convenient form for C(p, (Ti) is obtained by choosing a particular orientation of our co-ordinate axes. Let p be along one of the axes and <Ti lie in one of the principal planes (see Fig. 1 ). Using polar co-ordinates as indicated in Figure 1 we obtain from the spherical triangle (p, cri, <j>) cos ß = cos < (<|>, «U) = cos 7 cos $ + sin 7 sin $ cos co ,
where 7 is the angle between p and Vi (or v). Equation (45) where CO 1 27T Dip) =ff/{I-cos (sí) e -^I(i+3[ i co S -,+ Vi-i!8i n-,co S J ï )/4j z-^dwdtdz . (52) o-io An alternative, but equivalent, form for D{p) is obtained if we choose our co-ordinate axes in such a way that <Ti is along one of the principal axes and p lies in one of the principal planes (see Fig. 2 ). r'fY 2 * D (p) = I) f { 1 -cos ( 2; [/cos 7+ V1 -/ 2 sin 7 cos co] ) e -10 -p^+w)/i\ z -V2 doi dtdz. (53) 5. The behavior of D(p) for p -* 0.-Our principal interest in the bivariate distribution W(F,f) is to determine the different moments of/for a given F and of F for a given / and naturally also in the separate distributions, of F and /. It is an elementary consequence of equation (18) that these moments depend only on the behavior of ^4(p, <r) for I o'I -> 0 and | p | -> 0, respectively, or, according to equations (44) and (51), on the behavior of D(p) for ÿ -> 0 and ÿ -> <» . We shall first examine the behavior of D{p) for ÿ -> 0.
According to equation (52) (57)
Returning to the consideration of F(p), it is seen that F(0) = 0. We shall therefore examine the behavior of F'(p) for ^ ^ 0. For ÿ > 0, differentiation under the integral sign gives 00 1 2ir F'(p) = fffcos(zt) e pz z (\.+zlt COS7+ Vi-¿2 gin^ cosoj] 2 )/4 0-10 (59) X ^ ( 1 + 3 [ / cos 7 + V1 -/ 2 si sin 7 cos co] 2 ) z l / 2 doedtdz .
The foregoing integral for F\p) is uniformly and absolutely convergent for ÿ > po for any fixed p 0 > 0; hence, it determines F'(p) for all p > 0. On the other hand, the absolute convergence of the integral defining F'(p) is not uniform for p ^ 0. Consequently, we cannot be certain of the continuity of F'(p) for ÿ > 0; and, even if it is continuous, (61) and regard z and t as complex variables, it is possible to choose paths of integration in such a way that the integral is absolutely and uniformly convergent for all ÿ > 0 (see the appendix to this paper). We shall not go here into the details of how this can be done except to remark that in the /-plane the path of integration can be any simple continuous curve from -1 to +1 lying in the half-plane > 0 (for further details see the appendix). Under these circumstances we can expand
as a power series in p under the integral sign in equation (61) The evaluation of the integral I n for general values of n will be found in the appendix. For our present purposes it is sufficient to evaluate / 0 . We have 1 r'rY 2 * 7 0 = 7 / / / e lzt [ 1 + 3 (/ cos 7 + Vl -/ 2 sin 7 cos co) 2 ] z 1/2 doedtdz . (65 ) 4 -vo
The integration over co is immediate, and we have
The relevance of these remarks becomes apparent when it is noted that the integral on the right-hand side of equation (59) for p -6, namely, . co 12ir ¿///cos {zt)[\ + 3(/ cos 7 + \/l -/ 2 sin 7 cos oPj^lHodldz , (60) 4 0-10 is neither unconditionally nor absolutely convergent. 8 We shall use £& and $ to denote the real and imaginary parts of a complex quantity.
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Again the integration over z can be carried out. We obtain (cf. appendix)
Remembering that i = exp (ítt/2), we have (_¿)-3/2 = ( e -iW2)-3/2= e +3iW4= _ e~^4 .
The expression for I 0 can therefore be re-written in the form
The integrals over t occurring in the foregoing equation are, of course, complex integrals. Writing
and +i /r 3/2 dt = ¿y"6» = -2 [ e-^/ 2 1" = -2 ( 1 +i) . Hence, according to equations (61), (63) and (73),
Combining equations (54), (58), and (74), we now have
or, according to equation (51), 
Integrating by parts with respect to y, we obtain
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The integrations over y and t can now be carried out and lead to the following result:
where
Returning to the discussion of K(p), it is clear that, since we are interested only in its behavior as > 00, we can expand the term 1 -cos ( ÿ 1/3 [/ cos y + V1 -/ 2 sin 7 cos co ] y ) ,
which occurs under the integral sign in equation (85) or, finally, according to equations (44) and (100), we have
where we have written c = r l n ,
7. The Holtsmark distribution for F.-According to equation (18) we clearly have OO OO 00 
Using a frame of reference in which one of the principal axes is in the direction of F and changing to polar co-ordinates, the foregoing formula for W(F) can be reduced to W(F) =¿/f e -ilpl «>s,>-a|p| 3/2 1 p 12 s ¡n &dûd | p | .
The integration over ê is readily effected, and we obtain w (f) = 2iqirX
COe~alP|S/2|p|sin(|pl (108) 1942Ap J
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If we put
equation (108) 
we obtain for the distribution of | F | the formula
which is Holtsmark's result. 9 We can re-write the foregoing formulae for W(F) and fF(|F|) more conveniently if we introduce the "normaF''field, Qh, defined by (cf. eq. Finally, we may note the following asymptotic expressions for H(ß) :
and (126) and (127) 
P I -3/2 dp . (124) and (125) According to these relations, 7ñ=7? (ß->o), and /ñ = 4/f (ß -> oe) .
• 5°7
(150)
Hence, for weak fields the probability of a change's occurring in the field acting at a given instant of time is independent of the direction and magnitude of the initial field, while for strong fields the probability of a change's occurring in the direction of the initial field is twice as great as in a direction at right angles to it. The physical interpretation of this result is clear. A weak field results from a fluctuation of a symmetrical configuration of stars about the point considered. We should therefore expect the changes to follow, to be equally likely in all directions. On the other hand, a strong field acting at a point implies a highly asymmetrical configuration of stars about the point, and consequently changes are more likely to occur in the direction of the initial field than in other directions. Of the three quantities f\\,fl, and if] 2 , the last is clearly of the greatest importance.
We shall therefore consider this quantity a little more closely. We shall first re-write equation ( 
We have already determined the behavior of the integral occurring on the right-hand side of equation (159) 
The functions G(ß) and H(ß) are tabulated in Table 1 . First, we may remark that by a state F 0 we mean that at some fixed point P a force per unit mass of intensity F 0 is acting at a given instant of time (t = 0, say). Owing to the motions of the stars, the force acting at P will gradually change with time (see Fig.  3 ). If we denote by x C^o; F, t) the probability that a force of intensity F will act at P after a time /, it is clear on general grounds that
where W(F) is given by equation (110). In other words, after a sufficient length of time the force acting at P will be totally uncorrelated with that acting at time / = 0. On the other hand, the force acting only after a very short interval of time will be strongly correlated with F 0 acting at / = 0. But the phrases "after a sufficient length of time" and "after a very short interval of time" need to be made more precise, and the notion of the "mean life" is introduced just for this purpose. If the process by which F, acting at a given point, changes with time, could be included in the general class of stochastic processes of the Markoff type, 11 then we may expect the correlation between the forces F(ti) and Ffa), acting at two different instants and at the same point, to decrease exponentially with time according to a formula of the form e-^T.
Under these circumstances, T can properly be called the mean life of the state F. While the exact specification of T will depend on a deeper analysis of the nature of the stochastic phenomenon underlying the change of F with time at a given point, it is clear that with sufficient accuracy we may define the mean life by the formula T~^w r ' (167) where |/| 2 has the same meaning as in § 8. According to equations (114) and (158), we therefore have
The foregoing equation suggests that we measure T in terms of the following unit / 0 , which appears natural to this problem :
Substituting for a and b from equation (79), we find that 
And, finally, if we denote by r the mean life expressed in this unit, we have According to equations (152), (153), (163), and (164), we have The function r(ß) has been evaluated numerically and is tabulated in Table 1 . Also, the dependence of r on ß is illustrated graphically in Figure 4 . The very short lives for weak fields is to be particularly noted.
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We may also note that the asymptotic behaviors (174) and (175) for the mean life agree with that predicted by a formula suggested recently by one of us 13 on the basis of certain "intuitive" considerations.
Arguing in terms of the first-neighbor approximation for the probable fields 14 and using a formula due to Smoluchowski 15 on the mean life of a state in which ^-particles are found in a given element of volume, it was suggested that 2ttGM 3v 2 W*+\F 3/2 * (176) Equation (176) is equivalent to Smoluchowski's formula for the case in which a particular star continues to exist as the sole occupant of a sphere of radius r, where r is related to \F\ according to =v GM Equation (176) can be re-written in the form T = yJ or, after some minor transformations,
.TT ß 3X 2.603 l + |3 3 / 2 . a/ 3 tï y¡\v = 0.896 ß l+^1 /3 n 1 VT7 (179) It is seen, as already stated, that equation (179) predicts asymptotic behaviors for T which are the same as those derived from equation (168). However, it is also seen that equation (179) overestimates T by a factor of the order of 2 in the entire range. The usefulness of our present more exact formula for the mean life to problems of stellar dynamics will be considered in a later paper.
10. The distribution of f.-Following a procedure similar to that adopted in § 7 for deriving the Holtsmark distribution, we find that /"'--'U |<r| =0 or, according to equation (101),
The foregoing equation is readily reduced to This formula suggests that we express |/| in units of c. Let
The distribution of W(\f\) can also be written down. Since ^(l/l) =4x|/|W(/) , we have or, alternatively,
We may note that, according to equations (89) and (102) 
Finally, we remark on the formal identity between our present law of distribution of/ and the law of distribution of the field strengths F to be expected from a random distribution of point dipoles. 16 However, a little consideration shows that we should, in fact, have this formal equivalence between the two problems.
11. The probable field to be expected for an assigned rate of change.-Let us choose a system of axes (£, ri, f) such that the £-axis is in the direction of /. By a procedure analogous to that adopted in § 8 for deriving the moments/|, etc., we readily find that
There are, of course, similar expressions for the corresponding integrals involving and Ff. Adding these three equations, we obtain fw(F,f)\F\*dF= f e-^flvlAip,*)] da. 
The function ^(a) is tabulated in Table 2 . According to equations (203) and (205),
It is of interest to compare the foregoing proportionality with a similar one, which results from equation (155), namely,
12. Generalizations to include arbitrar y spherical distribution of the velocities.-So far, we have assumed that the distribution of the velocities conforms to Maxwell's law. We shall now indicate how we can generalize our results to include an arbitrary spherical distribution of the velocities and to remove the restriction to a Maxwellian distribution. As a preliminary to this discussion, we shall first consider the case when all the stars have the same absolute value for v but with random orientations, in other words,
but is arbitrary otherwise. Under these circumstances we can still formally speak of a distribution of the velocities ; but the function describing this distribution has the singular form , formations required in the subsequent analysis are more naturally suggested by its use, and we shall therefore not attempt to avoid it. Substituting then, the foregoing expression for r in equation (29) and using equation (27), we obtain 3/2
,4(p, q) = Iimit r3(gi0
Consider the integral with respect to x|/, which occurs in equation (210). We have
The integral (211) becomes g
Now, choose a system of axes (£, rj, f) such that the £-axis is along the ^-direction. The integral (213) 
where, as in equation (38), ß is the angle between the vectors § and oq (or o'). (224) where we have written
It is readily verified that, when 4/ has the form corresponding to a Maxwellian distribution of the velocities, equation (225) After a series of transformations similar to that followed in § 4 we find that equation (225) The integral on the right-hand side of equation (230) is the same as that which occurs in equation (55). Hence (cf. eq.
[58])
Again, since 7^(0) = 0, we discuss the behavior of F\p) at ^ = 0. This problem is essentially the same as that considered in § 5 (pp. 497-98) (234) where the integrations over s and t are also to be carried out along suitable contours. Apart from a factor f, the integral on the right-hand side of equation (234) 
Thus we have
Substituting for D from the foregoing equation, in equation (226) we readily deduce that
where we have denoted by \v\ 2 the average defined according to
From equations (224) and (237) we now obtain A (p, er) = e" a|p|3/2 " 6|(r|2| P 1 " 3/2sin2^+0 ( |<r|4 ) ,
where we have written
It is now seen that equation (239) is of exactly the same form as our earlier formula (78). Hence, all the results of § § 7 and 8 remain unaffected, except for the slightly modified definition of b, which we have now to adopt.
18 Similarly, the expressions for the mean life in § 9 also continue to be valid under our present more general assumptions, provided we measure T in units of ¿o defined according to equation (172) 
in equation (228), we find that we can express B{p) in the form =p^2J{p) ,
18 A comparison of the two definitions of b in equations (79) and (240) shows that our present definition agrees with the earher one, if we substitute for | v | 2 in equation (240) 
where Q 0 is defined as in equation (89).
Returning to the evaluation of K(p), it is clear that, since we are interested only in its behavior as ^ , we can expand the term } 1 -cos (. . . _)} occurring in the integrand in equation (246) After performing the integration over co and introducing the variable x defined as in equation (247), we obtain 
or D{p) =|7r 2 (3oÿ 1/2 + 2(Xcos 2 7 + M)/>" 1/6 +0(ÿ-6/6 ) .
Introducing the foregoing form for D{p) in equation (226), we find
where the bars denote that the averages of the corresponding quantities are to be understood. Finally, according to equations (224) and (257), we have where
Thus, it is again seen that equation (258) is of exactly the same form as the corresponding equation (101) derived on the basis of an assumed Maxwellian distribution of the velocities. Hence all the results of § § 10 and 11 remain unaffected except for the modified definitions of c, d, X, and ¿i, which we have now to adopt. 19 In particular, with c defined as in equation (190), the distribution of/and |/| remains identically the same. Similarly, in § 11 the analysis up to and including equation (198) continues to be valid with the new definitions of c, d, X, and ju. However, the numerical factors in the equations following equation (198) (namely, [199]-[203] ) are slightly modified. But we need only note that equation (203) where X and p are defined as in equation (253). Corresponding to these two forms for D(p), we obtain from equation (274) 
With these new definitions of a, b, c, and d all the results of § § 7-11 continue to be valid. We may, however, note explicitly that the normal field Q H is now computed with an average mass (M 3/2 ) 2/3 :
(282) 0*= 2.603 G(M 3 / 2 ) 2/ V/ 3 .
Similarly, the unit of time / 0 in which r, defined according to equation (173) In the forms (296) and (297) we notice the formal identity of our present laws of distribution of g and g \ with the corresponding Holtsmark-Gans formulae giving the distribution of F and F | arising from a random distribution of point quadrupoles.
We shall return to the applications of the results contained in this paper to problems of stellar dynamics after we have completed the discussion of the related problems of the correlations in the field acting simultaneously at two different points and also the speed of fluctuations of the field acting on a moving star.
We are indebted to Mrs. T. Belland for her assistance in the numerical work involved in the preparation of Tables 1 and 2 .
One of us (S. Chandrasekhar) further wishes to record his indebtedness to the Institute for Advanced Study and the University of Princeton for having enabled him to stay at Princeton during the fall quarter of 1941, and which made the present collaboration possible. 5'. The determination of the /(a, ß) of equation (13'), for a = 3n + 2-2(l-j) (ß = j), remains.
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The above imply a -2ß = 3^ + 2-2/ and, as n = 0, 1, 2 ; / = 0 1, n + 1; 7 = 0,1, ,/ therefore a, ß, a-2ß = 0, 1, 2, (150
In evaluating equation (13'), we put t 2 = u. Then /( a) 0) =i^-(2«+i)/4(i_ M )/s¿ Mi (1 6 /) the integration path being the t 2 = u image of r in section I-i.e., a closed curve (from 1 to 1), circling the origin in the negative direction. Along this curve arcus / varies from Tr to 0 (cf. sec. Ill), so arcus u varies from 27r to 0. Further properties of this curve are immaterial, since any two such curves will give the same integral (16').
Equation (16') is the ^-integral, except for the integration path. Consider a ß ^ 0, i.e., ß = 1, 2, The factors u~{ 2a+1)/4: and (1 -u) ß in the integrand of equation (16') have the primitive function -4w _(2a_3)/4 /(2a -3) and the
